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Parallel Plate Electrochemical Reactor Model: Material Balance 
Closure and a Simplification 
M. J. Mader, C. W. Walton,* and R. E. White** 
Depar tmen t  of  Chemical  Engineering,  Texas  A & M  Universi ty ,  College Stat ion,  Texas  77843 
A B S T R A C T  
A mater ia l  ba lance  closure calcula t ion is p resen ted  to test  the  cons is tency  of  a p rev ious ly  pub l i shed  mode l  of  a par- 
allel plate e l ec t rochemica l  reactor.  N e w  express ions  are used  in this p rocedure  to calculate  the  average  concent ra t ion  of  
species i and the  average  current  dens i ty  for react ion j f rom the  p red ic ted  concen t ra t ion  and potent ia l  distr ibutions.  
Also,  t he  p rev ious ly  p resen ted  mode l  equa t ions  are s implif ied by as suming  that  t he  axial  concen t ra t ion  grad ien t  for 
species  i can be app rox ima ted  by a step change  f rom the  k n o w n  feed concen t ra t ion  to the  u n k n o w n  out le t  concentra-  
tion. This  one-s tep  mode l  provides  a qual i ta t ive  evaluat ion  o f  cell  pe r fo rmance  and adds ins ight  into unde r s t and ing  of 
the  prev ious  model ,  whi le  p rov id ing  substant ia l  savings in c o m p u t e r  time. The  mode ls  are compared  us ing  a hypothe t -  
ical case of  the  e lec t rowinn ing  of copper  f rom a chlor ide solution.  For  a small  aspect  ratio (S/L), the  mode l s  show that  a 
set of  i n d e p e n d e n t  var iables  consists  of  the  cell  potent ia l  (Er the  surface  area of  an e lec t rode  per  uni t  of  cell v o l u m e  
(l/S), and the  res idence  t ime  (L/v~vg) w h e n  the  feed concent ra t ions  (C~.fe~d) are fixed. 
White, Bain,  and Raible  (1) p resen ted  a mode l  of  a paral- 
lel plate e l ec t rochemica l  reactor  wi th  mul t ip le  e lec t rode  
react ions wh ich  can be used  to predic t  such  quant i t ies  as 
current  eff iciencies and convers ion  per  pass under  
var ious  cell  condi t ions .  This in fo rmat ion  is va luable  in 
the  des ign of  bo th  bench  and p roduc t ion  scale paral lel  
plate cells and in the  se lect ion of  opera t ing  condi t ions  to 
use  for o p t i m u m  performance .  The  m o d e l  of White et al. 
(1) is a " c o m p l e t e "  mode l  in the  sense  that  the  in terac t ion  
be tween  closely spaced  e lec t rodes  is inc luded  in the  
m o d e l  equat ions ,  mul t ip le  e lec t rode  react ions  can occur,  
and predic t ions  of  cell  pe r fo rmance  such  as the  Conver- 
s ion per  pass are made.  Thei r  m o d e l  is an a l ternat ive  to 
the  less comple t e  models  of  Sake l la ropolous  and Franc is  
(2-4), Par r i sh  and N e w m a n  (5); Caban and Chapman  (6), 
and Lee  and S e l m a n  (7). Sake l la ropolous  and Francis  (2-4) 
p re sen ted  a m o d e l  for a parallel  plate cell  which  has mul-  
t iple react ions at one  electrodel  but  the i r  mode l  does  no t  
inc lude  the  effect  of  the  cell  gap (S). Par r i sh  and N e w m a n  
(5) p resen ted  a mode l  which  takes  the  in teract ion of  
closely spaced  e lec t rodes  into account ,  bu t  they  did not  
inc lude  mul t ip l e  e lec t rode  react ions.  Caban and Chap- 
man  (6) p re sen ted  essent ia l ly  the  same  mode l  as Par r i sh  
and N e w m a n  (5) excep t  that  they  set the  cell  potent ia l  in- 
s tead of  the  cell  current .  Lee  and S e l m a n  (7) p resen ted  a 
mode l  of  the  Zn/Br2 cell, but  did no t  inc lude  mul t ip l e  
e lec t rode  react ions.  This paper  presents  correct ions  to 
and a s implif ied vers ion  of the  earl ier  m o d e l  (1). Specifi- 
cally, an a l ternate  form for ca lcula t ing the  local average  
concent ra t ion  of  species  i [c~.~vg(x)] is der ived,  and a check  
for mater ia l  ba lance  closure of  the  m o d e l  is presented.  
This is fo l lowed by the  d e v e l o p m e n t  of  an approx imate ,  
"one-s tep"  model .  Final ly,  sets of  d imens ion less  and di- 
mens iona l  g roups  are p resen ted  t h a t  can be used  to pre- 
dict  the  pe r fo rmance  of  the  cell.  Fo l lowing  these  develop-  
ments ,  the  resul ts  of  each are d i scussed  in regard  to a 
hypothe t ica l  case of  the  e lec t rowinn ing  of  copper  f rom a 
chlor ide  solution.  
Developments 
White et al. (1) descr ibe  a t w o - d i m e n s i o n a l  mode l  of  a 
paral lel  plate e l ec t rochemica l  reac tor  wi th  mul t ip le  elec- 
t rode  react ions  unde r  laminar  flow. As publ ished,  t h e r e  
are minor  errors  in that  paper .  Specifically,  Eq.  [12] of 
Ref. (1) should  inc lude  an a mul t ip ly ing  the  lef t -hand side 
of  the  equa t ion  and  a 0~ mul t ip ly ing  the  t e rm O'~P/O~ 2 on 
the  r ight -hand side. Also, the  re ference  concent ra t ion  for 
C1- in the i r  Table  I should  have  been  l is ted as 0.1 ins tead 
of  1.0 and the  e x c h a n g e  cur ren  t dens i ty  co lumn  head ing  
should  have  been  10 ~ 9 io).~f ins tead of  108 9 ioJ.re~. 
As shown in the  cell  schemat ic  of  Fig. !, the  concentra-  
t ion of  each species  in the  solut ion (c~) and the  potent ia l  of 
9 Electrochemical Society Student Member. 
9 *Electrochemical Society Active Member. 
the  solut ion (r d e p e n d  on the  coord ina tes  x and y. Con- 
sequent ly ,  the  cur ren t  dens i ty  of react ion j ( i J  is also a 
funct ion  of  axial  posit ion.  The  govern ing  nonl inear  par- 
tial differential  equa t ions  and bounda ry  condi t ions  are 
solved us ing an impl ic i t  s tepping  t e c h n i q u e  (8) in t he  ax- 
ial d i rect ion and N e w m a n ' s  B A N D  a lgor i thm (9, 10) in the  
radial  direct ion.  The  B A N D  a lgor i thm is used  to deter- 
mine  c~ and 9 at a specific va lue  of  x, then,  a step of  size 
hx  is t aken  in the  axial  d i rect ion and  the  set of  var iables  
is ca lcula ted again us ing  the  B A N D  algor i thm.  This step- 
wise  p rocedure  is repea ted  unt i l  x = L. 
The  ma themat i ca l  def ini t ion of  wha t  White et al. (1) 
call bu lk  average  concent ra t ion ,  ci.avg(X), is i m p r o p e r  i f  
one wishes  to de t e rmine  a convers ion  per  pass  of  a partic- 
ular  species  and thus  causes p rob lems  in ach iev ing  a ma- 
terial ba lance  us ing  the  mode l ' s  p red ic ted  concent ra t ion  
profile. The  defini t ion used  by White et aL (1) for c~.~v~ 
[see Eq. [32] of  Ref. (1)] is incorrec t  because  the  ve loc i ty  
profile be tween  the  plates is l aminar  and not  plug flow. 
Thus,  it is appropr ia te  to calculate  wha t  migh t  best  be  
t e r m e d  a local average  concent ra t ion  by beg inn ing  wi th  a 
radial average  of  the  molar  f lux of  a species  at a part icu-  
lar va lue  of  x. This  is g iven by 
1 f s  
Nr~.~v~(x) = - ~  J ,, Nfi(x, y) dy [1] 
where  N~(x, y) is the  molar  flux in the  flow direct ion 
and is exp res sed  as 
8c~ z~DiF O~ 
N~(x, y) = - Di Ox R ~  ci -~x + v~.ci [2] 
S ince  it is a s sumed  that  the  e lec t rode  l eng th  (L) is m u c h  
greater  than  the  e lec t rode  gap (S), the  aspec t  ratio (a = 
S /L)  is small  and there fore  migra t ion  and  dif fus ion in the  
axial  (flow) d i rec t ion  are negl ig ib le  compared  to forced 
convect ion ,  as s h o w n  in more  detai l  by  N g u y e n  et al. (11). 
In this case, Nn,avg may be  rep laced  by va~gC~.a~g(x) and 
Nn(x, y) may  be rep laced  by v.~c~ in Eq. [1]. U n d e r  well- 
deve loped  laminar  flow, the ve loc i ty  profi le is g iven by 
and Eq. [1] can be  solved for the  local  average  concentra-  
t ion to give 
6 f S ( y  y2 
ci.~v~(X) = ~ j~ \--~ - -~V) c~(x, y) dy [4] 
I f  the  d imens ion less  var iables  used  by White et al. (1) are 
in t roduced ,  Eq. [4] becomes  
0~.~g(~) = 6 f~  (~ - ~)~(~, v) d~ [5] 
Jo  
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Fig. 1. Schematic of a simple parallel plate electrochemical reactor 
where  
and 
= x / L  [6] 
~? = y / S  [7] 
0 i = Ci/Ci,re f [8] 
The  integral  in Eq. [5] can be eva lua ted  by an appropr ia te  
numer ica l  method ,  such as S impson ' s  rule, based on the  
concen t ra t ions  calcula ted for each  radial  step at a f ixed 
axial  posit ion.  
The  cons i s tency  of  the mode l  can be verif ied by us ing  
the  ca lcula ted  concen t ra t ion  profiles to obta in  a mater ia l  
ba lance  c losure  over  the  paral lel  plate reactor  for species  
i. The  ne t  rate of c o n s u m p t i o n  by all of the  e lec t rochemi-  
cal reac t ions  occur r ing  on bo th  e lect rodes  for species  i in 
mol/s is 
ne t  rate of  ~ sijinj 
c o n s u m p t i o n  of  species = ~., - - ~ g  L W  
i by  all e lectro-  i _ , njF 
chemica l  react ions  
where  s~j is the s to ichiometr ic  coeff icient  for species  i in 
e lec t rode  react ion j (s,j is pos i t ive  if  i is an anodic  reac tant  
and nega t ive  i f  i is a ca thodic  reactant),  L W  is the  area of  
each electrode,  and nr is the  total  n u m b e r  of e lec t rochem-  
ical reac t ions  that  occur  in the  cell. The rates of  inpu t  and 
ou tpu t  by t ranspor t  are SWNf,. f~ and SWNfl.~vg(X = L), re- 
spect ively,  where  S W  is the  cross-sect ional  flow area. 
S ince  the  mode l  is for s teady-state  condi t ions ,  no accu- 
mula t ion  t e rm is necessary  and the  final mater ia l  ba lance  
equa t ion  is 
SW(Nf,,f~a - Nr, ,~(x  = L)) 
. 
-- Sij~nj'avg LW = 0 [9] 
j : ,  n~F 
Again  a s suming  that  forced convec t ion  is m u c h  greater  
than  migra t ion  or diffusion in the axial direct ion,  N,  may  
be s implif ied so that  Eq. [9] becomes  
" v~v~S 
sijz,j,~g [ci,f~a - ci ~v~(X = L)] L [10] 
.i = I n j F  
Note  that  each  side of Eq. [10] can be calcula ted sepa- 
rately f rom the  m o d e l  resul ts  (predicted c~ and ~) and 
c o m p a r e d  for consis tency.  
S ince  the  mode l  p resen ted  by White et al. (1) requi res  
substant ia l  c o m p u t i n g  t ime, a s impli f ied mode l  was de- 
ve loped  that  can be  used  to obta in  a p p r o x i m a t e  values  for 
the  der ived  quant i t ies  of in teres t  (e.g., convers ion  per  
pass) us ing substant ia l ly  less c o m p u t e r  time. This mode l  
can then  be used  to nar row the range of  opera t ing  condi-  
t ions that  p roduce  opt imal  results.  The  simplif ied mode l  
p roposed  here  utilizes only one calcula t ion in the  flow (or 
axial) direct ion.  In effect, this  requi res  the  assumpt ion  
that  i~j is a cons tan t  a long the  length  of  the  reactor  and 
therefore,  as shown schemat ica l ly  in Fig. 2, i,j is no longer  
a funct ion  of  x. Similarly,  ci and 9 are func t ions  of  y only. 
To d is t inguish  the  two  models ,  the  mode l  of  White et al. 
(1) is cal led the  cont inuous  model ,  whi le  the  s implif ied 
vers ion  is cal led the  one-step model .  
To i m p l e m e n t  this idea, the axial  concen t ra t ion  gradi- 
en t  of  species i in the  govern ing  equa t ion  of  the  cont inu-  
ous mode l  [see Eq. [6] of  Ref, (1)] is app rox ima ted  by a 
step change  
Oci ci(x = L, y) - el,feed 
[11] 
aX L 
Using the  p rev ious ly  g iven d imens ion less  var iables  (Eq. 
[6]-[8]), Eq. [11] becomes  
O• Oi(~ = 1, 7) - O i , f e e d  
~- [12] 
0~ 1 
This app rox ima t ion  of  the gradient  can be subs t i tu ted  
into Eq. [13] o f  White et al. (1) 
DR 30 i 3zOi 
3 Di P e ~ ( v - - -  ~-') O~ ~,/-' 
z iF  [ O '-' tl ) O0 i 3qD] 
+ ~ + [13] 
to ach ieve  the govern ing  equa t ion  for the  one-step m o d e l  
that  applies  at ~ = 1 
D R 
3 ~ Pea  (7 - 7f) (0i - 0i,feea) 
3"-'0i jr ZiF [ O'-'d) c)O i O(p ] 
- 0----Z-_~ ~ O~ ~,~ + O~ ~ [14] 
All in le t  and boundary  condi t ions,  and the  electro- 
neut ra l i ty  condi t ion  as d i scussed  by White et al. (1) are 
the  same for this one-step model .  That  is, the  inlet  condi-  
t ions are 
at ~ = 0T~ 0 i = 0i,feed a n d  ~ giCi,refOi,feed = 0 [15] 
i 
and the boundary conditions are 
f o r ~ >  O 
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Fig. 2. Schematic of the one-step model 
~Vc 
at V = 0 (anode): ' ~  s~ji,j _ Nn~ [16] 
"7 9 n~F 
s i i in j  
at V = 1 (cathode): ~7"  n--n~ = Nni [17] 
and 
at ~/ = 0 and ~? = 1: ~ z~ci,~rOi = 0 [18] 
The  govern ing  equa t ions  and bounda ry  condi t ions  for 
the  one-s tep m o d e l  are solved by the  same m e t h o d  as be- 
fore (1). 
S ince  the  one-s tep  mode l  is essent ia l ly  a one-d imen-  
sional model ,  i t  is a less accura te  solut ion than  the contin- 
uous mode l  for sys tems  wi th  a high convers ion  per  pass. 
However ,  it is reasonably  accura te  for low convers ions  
per  pass (12, 13) and its d e v e l o p m e n t  is useful  in under-  
s tanding  the  con t inuous  m o d e l  better.  F igure  3 shows 
schemat ica l ly  h o w  the  cont inuous  m o d e l  may  be though t  
of  as a series of  one-s tep mode ls  in wh ich  concentra t ion,  
potential ,  and, consequent ly ,  the cur ren t  densi ty  of  reac- 
t ion j are funct ions  of  an i nc remen t  of  size hx, the  size of  
one  step. Thus,  the  con t inuous  mode l  consis ts  of  a large 
n u m b e r  of  one-s tep models  us ing  the  radial  concent ra t ion  
profile f rom the  prev ious  one-step mode l  segment  as the  
feed to the nex t  one-s tep mode l  s egmen t  wi th  a step size 
h x  small  e n o u g h  to give resul ts  to a des i red  accuracy.  
The  calcula t ion of  the  average  cur ren t  densi ty  of  reac- 
t ion j, i,~,avg, is a good  example  of  the  impor tance  of  the  
conceptua l iza t ion  of  the  con t inuous  mode l  as a series of 
one-step models .  White et al. (1) give  the  fol lowing for- 
mula  for in~,.v~ for the  con t inuous  mode l  
if, inJ 'avg - -  L i,j(x) dx  [19] 
) 
The correct  va lue  for i,~.,~g for use in the mater ia l  ba lance  
closure equa t ion  (Eq. [10]) could  be  obta ined  f rom Eq.  [19] 
by us ing  S impson ' s  rule, e.g., if  a large n u m b e r  of  steps 
were  used  to obtain i,j(x). However ,  s ince the s o l u t i o n  
m e t h o d  used  here  treats  the  concen t ra t ion  and potent ia l  
d is t r ibut ions  and, therefore,  i,j(x) as cons tants  over  the  
prev ious  axial  step, a s imple  average  of  the  i,~(x) values  
over  the  length  L of  the  reactor  yields an average  cur ren t  
dens i ty  that  is cons is tent  wi th  the  solut ions ob ta ined  for 
the  average  exi t  concent ra t ions  f rom each  step. That  is, 
the  p roper  express ion  to use  to calculate  the  average  cur- 
rent  dens i ty  to be used  in the  mater ial  ba lance  closure 
equa t ion  (Eq. [10]) is 
1 
i~j(k) (hx)k [20] 
/ n J ' a v g  - -  L k = 1 
where  inj(k) is the  cur ren t  dens i ty  of  react ion j over  the  
k th  interval .  A compar i son  of  the  two me thods  is pre- 
sen ted  below. 
Finally,  for both  the  con t inuous  and one-s tep models ,  i t  
is impor t an t  to ident i fy  a set  of i n d e p e n d e n t  var iables  
wh ich  can be  used  to descri~)e the  behav ior  of the  electro- 
chemica l  reactor.  The  var iab le  pa ramete rs  in these  mod-  
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Fig. 3. Schematic of the stepwise calculation for the continuous model 
c, v) 
i n 2 ( n k ) ~ t i n a ( n k )  
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to c~.~. N g u y e n  et al. (11) s h o w e d  t h a t  v ~ ,  S, a n d  L are 
no t  all i n d e p e n d e n t  var iab les .  They  d id  th i s  by  s h o w i n g  
t h a t  for sma l l  va lues  of  t he  a s p e c t  ra t io  (a = S / L )  t h e s e  
va r i ab le s  can  be  c o m b i n e d  in to  t w o  d i m e n s i o n l e s s  g r o u p s  
a n d  
P e a -  2Sv~vg S [21] 
D~ L 
8is i~ [22] 
~ = n~c~,~erDi F 
wi th  i a n d  j spec i f ied  a p p r o p r i a t e l y  (e.g,, t he  l imi t ing  
r e a c t a n t  in  a pa r t i cu l a r  react ion) .  T h e s e  two d i m e n s i o n -  
less g r o u p s  can  be  c o m b i n e d  to fo rm a d i f fe ren t  d i m e n -  
s ion less  g r o u p  as fo l lows 
sijio j ~,.,.~.S~ ~ 
~ij 2 I njCi,refDilP] 
~iJ P e a -  2SVavg S [23] 
DR L 
s~Zioj.~?' DaL 
fltJ = [24] 
2 n )~ Ci,re~-' D i~ F=' v av~ 
Only  two  of  t he se  t h r e e  d i m e n s i o n l e s s  g r o u p s  (Pea,  r 
a n d  fl~j for  i a n d  j speci f ied  proper ly)  are i n d e p e n d e n t .  
C o n s i d e r a t i o n  of ~ a n d  flu revea l s  t h a t  1/r cou ld  be  con-  
s ide red  to be  a d i m e n s i o n l e s s  sur face  area of a n  e l e c t r o d e  
p e r  u n i t  v o l u m e  (l/S) a n d  fllj a d i m e n s i o n l e s s  r e s i d e n c e  
t i m e  (L/v~g)  s ince  all of  the  o t h e r  q u a n t i t i e s  in  t he  expres -  
s ions  for  r a n d  Bt~ are  c o n s i d e r e d  he re  to be  fixed. Conse-  
quen t ly ,  1IS a n d  L / v ~  can  be  u s e d  as d i m e n s i o n a l  inde-  
p e n d e n t  var iab les ,  as d o n e  here .  
Results and Discussion 
T h e  d e v e l o p m e n t s  p r e s e n t e d  a b o v e  h a v e  b e e n  evalu-  
a ted  by  u s i n g  t he  s a m e  h y p o t h e t i c a l  case  of t he  e lectro-  
w i n n i n g  of c o p p e r  f rom a ch lo r ide  so lu t ion  u s e d  by  Whi te  
et at.  (1), w h i c h  s h o u l d  be  c o n s u l t e d  for  va lues  of  t he  
f ixed p a r a m e t e r s .  The  r eac t ions  c o n s i d e r e d  are 
CuCI:~ ~- ~ CuCF + 2C1 + e -  (anode,  r eac t ion  j = 1) 
CuCF + 2C1- + e -  ~ CuCl:~ z- (ca thode ,  j = 2) 
CuCI:~ ~- + e -  ~ Cu + 3C1- (ca thode ,  j = 3) 
Case s tud ie s  h a v e  b e e n  u s e d  to tes t  t he  c o n s i s t e n c y  of 
t h e  m o d e l s  by  ma te r i a l  b a l a n c e  c losure ,  to  c o m p a r e  t h e  
one-s tep  a n d  c o n t i n u o u s  mode ls ,  a n d  to i l lus t ra te  t he  im- 
p o r t a n c e  of  t h e  t h r e e  i n d e p e n d e n t  va r i ab l e s  (1/S, L / v ~ ,  
and Ecell). 
Table I. Comparison of one-step and continuous models 
Input parameters;' 
E ~  = 0.6V 
I/S = 10 cm -~ 
L/v,~ = 277.8s 
% difference 
Continuous from 
One-step (120 steps) continuous 
Ax (cra) 10.0 0.0833 - -  
X~. ~,.b -0.783 -0_933 16.1 
~,,_,, ,v~ r' 0.245 0.230 6.5 
k:,, ~,,,h 0.538 0.703 -23.5 
Oc,-, ,v~(~ - 1) 7.748 9.820 21.1 
C P P c ~  0.5398 0.7056 -23.5 
0c~,i~),,~([ = 1) 2.349 2.764 15.0 
Computation time on 
CDC CYBER 170/825 
(CPU s) ~ 21.0 892.0 - -  
~' See White et al. (1) for the other parameters used in the models. 
b hi, ,,v~ obtained using i,i. ,v~ calculated using Eq. [20]. 
~' Central processor unit seconds. 
The  c o n s i s t e n c y  of t he  m o d e l s  is ver i f ied  b y  u se  of  t he  
ma te r i a l  b a l a n c e  c losure  r e l a t ion  g iven  b y  Eq. [10]. The  
A p p e n d i x  gives t he  de ta i l s  of a s a m p l e  ca l cu l a t i on  b a s e d  
on  CuC13 ~- for  t h e  c o n t i n u o u s  mode l ,  w h e r e  each  s ide  of  
Eq. [10] is e v a l u a t e d  separa te ly .  In  th i s  example ,  t he  con-  
c e n t r a t i o n  r e l a t ed  t e r m s  ( the r i g h t - h a n d  s ide of  Eq. [10]) 
give a v a l u e  of  1.2701 • 10 -7 moYcm~-s, wh i l e  t he  c u r r e n t  
dens i ty  r e l a t ed  t e r m  ( the l e f t -hand  s ide  of  Eq. [10]) g ives  a 
va lue  of  1.2707 • 10 -7 mol]cm~-s, w h e n  i,j,~vg is ca lcu la ted  
by  Eq. [20]. A n  i n c o r r e c t  va lue  of  1.2851 • 10 -7 moYcm~-s 
is o b t a i n e d  w h e n  i,~.~g is ca lcu la ted  by  u s i n g  S i m p s o n ' s  
ru le  app l i ed  to Eq.  [19]. 
Tab le  I p r e s e n t s  a c o m p a r i s o n  of va r ious  de r i ved  quan -  
t i t ies  of  i n t e r e s t  o b t a i n e d  f rom the  one- s t ep  m o d e l  w i t h  
t h o s e  f rom the  c o n t i n u o u s  model .  The  p e r c e n t a g e  differ- 
ence  b e t w e e n  t he  two m e t h o d s  is h igh ,  typ ica l ly  15-25%, 
s ince  t he  c o n v e r s i o n  pe r  pa s s  is h i g h  [Tab le  I s h o w s  t h a t  
a p p r o x i m a t e l y  70% of t he  Cu(I) ions  are  c o n s u m e d  in  a 
s ingle  pass].  However ,  t he  one-s tep  m e t h o d  r equ i r e s  sub-  
s t an t i a l ly  less  c o m p u t e r  t ime,  b e i n g  on  t he  o rde r  of 40 
t i m e s  fas te r  t h a n  t he  c o n t i n u o u s  m o d e l  (wh ich  cons i s t s  of 
120 axia l  steps).  In  sy s t ems  in  w h i c h  t he  c o n v e r s i o n  p e r  
pass  is low (about  1%), t he  two m e t h o d s  c o m p a r e  to 
w i t h i n  1-5% [see Ref. (12) a n d  (13)]. In  Tab le  I, ~J,~vg is a di- 
m e n s i o n l e s s  ave rage  c u r r e n t  dens i t y  def ined  as 
inl,avg 
hj .... - [25] 
i,i,, ,avg 
w h e r e  iHm,,vg is t he  ave rage  l imi t ing  c u r r e n t  dens i ty  of  re- 
ac t ion  [3] a s s u m i n g  a t h i n  b o u n d a r y  layer  (1, 14), a n d  
CPPC~(~) is t he  f rac t iona l  c o n v e r s i o n  pe r  pass  of  Cu(I) as 
de f ined  by  Whi te  et al. (1). T h a t  is 
CPP~ = 10~,fr - 0i,avg(~ = 1)l [26] 
w h e r e  0~,~vg(~ = 1) is t he  ave rage  c o n c e n t r a t i o n  l eav ing  t he  
reactor .  
Tab le  II  p r e s e n t s  a c o m p a r i s o n  of the  ca l cu la t ion  of 
hj,~,g o b t a i n e d  by  ca lcu la t ing  i,j,a~g by  Eq. [20] w i th  t h a t  ob- 
r a ined  by  u s i n g  S i m p s o n ' s  ru le  on  Eq, [19]. No te  t h a t  as 
t he  n u m b e r  of  ax ia l  s teps  (nk) inc reases ,  t h e  m e t h o d  
b a s e d  on  S i m p s o n ' s  ru le  a p p r o a c h e s  t h a t  o b t a i n e d  by  
u s i n g  Eq. [20]. Also, a t  a f ixed va lue  of nk,  t h e  two m e t h -  
ods  b e c o m e  e q u i v a l e n t  as t he  d r iv ing  force  Ec,~j decreases ,  
a n d  t he  c u r r e n t  d i s t r i b u t i o n  b e c o m e s  more  u n i f o r m .  The  
large  d i s c r e p a n c y  b e t w e e n  the  two m e t h o d s ,  e spec ia l ly  at  
sma l l  nk  values ,  is due  to t he  imp l i c i t  s t e p p i n g  t e c h n i q u e  
i t se l f  as wel l  as the  a s s u m p t i o n  in S i m p s o n ' s  ru le  case  
t h a t  i,j is con t i nuous .  In  the  imp l i c i t  s t e p p i n g  t e c h n i q u e ,  
t he  f irst  ca l cu la t ed  va lue  of i,j is a t  x = Ax, n o t  a t  x = 0, 
so t h a t  t he  e n d  p o i n t  va lue  (x = 0) of  in~(x) r e q u i r e d  in 
S i m p s o n ' s  ru le  m u s t  b e  o b t a i n e d  b y  a n  ex t r apo la t ion ,  
b a s e d  on  the  first t h r ee  ca lcu la ted  va lues  of i,j(x) (8, 13). 
Tab le  I I  also shows  t h a t  for  30 or 60 axial  s teps ,  t he  con-  
t i n u o u s  m o d e l  b e h a v e s  m o r e  as a ser ies  of one - s t ep  mod-  
els b e c a u s e  t he  va lues  of  hj,~g ca lcu la ted  w h e n  u s i n g  Eq. 
[20] h a v e  n o t  r e a c h e d  the i r  ac tua l  s t e a d y  va lue  due  to the  
lower  accu racy  of t a k i n g  fewer  s teps .  Fo r  n k  = 120 axia l  
Table II. Comparison of calculation methods for 
average current density ~ 
Number 
of steps Ec~j, X,,,,,,~ X:.,v~ h:~,.v~ 
(nk) (V) * ** * ** * ** 
30 0.6 -0.928 -0.950 0 .231  0.229 0.697 0.721 
60 0.6 -0.931 -0.945 0.231 0.230 0 .701 0.715 
120 0.6 -0.933 -0.941 0.230 0.230 0 .703 0.711 
300 0.6 -0.934 -0.938 0.230 0.230 0.704 0.708 
120 0.5 -0.817 -0.821 0.184 0.183 0.634 0.638 
120 0.4 -0.547 -0.548 0.091 0.090 0.457 0.458 
~' Same input parameters as those in Table I except for E~e~ as 
noted. 
* )~j,,~ obtained when i~j,,v~ calculated using Eq. [20]. 
** ~,j,~,~ obtained when i,j.,~v~ calculated using Simpson's rule on Eq. 
[19]. 
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Fig. 4. The e f fec t  of e lectrode  surface area per unit volume on the 
average current density: continuous model (120  axial steps) 
and one-step model --- (E~H = 0 .6V,  L/va~g = 277 .8s ) .  
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Fig. 7. The effect of residence time on the average current density: 
continuous model (120 axial steps) - -  and one-step model --- 
(E~,  = 0.6V, 1/S = 10 cm-~). 
steps or greater,  the  mode l  behaves  in a more  con t inuous  
m a n n e r  because  the va lue  of  X~,~vg remains  re la t ively 
u n c h a n g e d  as the  n u m b e r  of axial  steps is increased.  Sim- 
ilar resul ts  are obta ined  for species concent ra t ions  and 
potent ials .  
Finally,  the  d e p e n d e n c e  of  the pe r fo rmance  of the  cell 
on the  i n d e p e n d e n t  var iables  is shown in Fig. 4-9 where  
CEj,~ = i~j . . . .  [27] 
~avg ' 
and i~,~ is ob ta ined  according  to Eq. [25] of  Ref. (1) (here 
i ~  = i .~ ,~ since only one react ion occurs  at the anode). 
F igures  4-9 i l lustrate  for both  mode ls  the inf luence of  
o . 5  
0 . 4  
o . ~  
. o "  
0 . 2  , I , , ~ , , ~ , , , I , , I , I , , I , , ~ , 
2 . 0  4 0  e ,O  8 . 0  tO.O 12.0 1 4 0  ~6 O 1 8 0  2 0 0  
1 / S  ( c m  - I )  
Fig. 5. The effect of electrode surface area per unit volume on 
Cu(I) conversion per pass: continuous model (120  axial steps) 
and one-step model --- (Eoell = 0.6V, L/vav~ = 277.8s). 
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Fig. 6. The ef fect  of e lectrode surface area per unit volume an the 
current efficiency for reaction [3]: continuous model (120  axial steps) 
and one-step model --- (Ecel~ = 0 .6V,  L/vav~ = 2 7 7 . 8 s ) .  
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Fig. 8. The effect of residence time on Cu(I) conversion per pass: 
continuous model (120  axial steps) - -  and one-step model --- 
(Ecell = 0.6V, 1/S = 10 cm- ' ) .  
vary ing  1/S or L/Vavg while  ho ld ing  f ixed Ecell and L/Vavg 
or 1/S, respect ively .  F igures  4, 5, and 6 present  the effect  
0 . 9  . . , . . . . .  
04 , , , I . . . .  I . . . .  ~ . . . .  I . . . .  I , I 
O0 100 0 200 0 30O 0 400 0 SO0.O eO0.O 
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Fig. 9. The effect of residence time on the average current effi- 
ciency for reaction [3]: continuous model (120  axial steps) - -  
and one-step model --- (Eceli = 0.6V, 1/S = 10 cm-~). 
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of  v a r y i n g  1/S on i,vg, CPPc,( ,  a n d  CE3,~g whi le  h o l d i n g  
L/v~,,  a n d  Er cons t an t .  I t  is i n t e r e s t i n g  to note ,  as s h o w n  
in Fig. 4, t h a t  a m a x i m u m  is p r e d i c t e d  in  t h e  ave rage  cur-  
r en t  dens i t y  as f u n c t i o n  of  1IS. This  m a x i m u m  is p roba -  
bly  due  to an  i n c r e a s i n g  i~vg due  to a l o w e r i n g  of t he  mass  
t r ans f e r  r e s i s t a n c e  of  t h e  cell as 1/S is i n c r e a s e d  b e l o w  t h e  
m a x i m u m  a n d  a dec rea se  in  i~v, for va lues  of  1/S l a rger  
t h a n  t he  m a x i m u m  due  to i n c r e a s i n g  c o n s u m p t i o n  of  t he  
reac tan t .  Fo r  va lues  of 1/S l a rger  t h a n  a b o u t  7 cm ~, t h e  
c u r r e n t  d e n s i t y  dec rea se s  p r i m a r i l y  a n d  t he  c o n v e r s i o n  
pe r  pass  of Cu(I) i nc reases  (see Fig. 5). T he  dec rea se  in  
CE~,~ s h o w n  in Fig. 6 is c a u s e d  by  t he  lower  a m o u n t  of  
Cu(I) (as CuC13 ~-) ava i l ab le  at  t he  c a t h o d e  d u e  to t h e  h i g h  
c o n v e r s i o n  p e r  pa s s  of Cu(i). In  add i t ion ,  t he  g rea te r  
a m o u n t  of  CuCF  t h a t  is p r o d u c e d  at t h e  a n o d e  causes  
g rea te r  a m o u n t s  of  c u r r e n t  at  t he  c a t h o d e  to be  c o n s u m e d  
b y  the  u n d e s i r a b l e  r eac t i on  2. F i gu r e s  7, 8, a n d  9 i l lus t ra te  
r eac to r  p e r f o r m a n c e  at  f ixed 1/S a n d  E~el~ whi l e  v a r y i n g  
t he  r e s i d e n c e  t i m e  (L/v~vg). Note  t h a t  as t he  r e s i d e n c e  
t i m e  inc reases ,  t h e  to ta l  r e ac t i on  ra te  ( s h o w n  as i,v,) de- 
c reases  r ap id ly  (Fig. 7). F i g u r e  8 s h o w s  t h a t  as the  resi- 
d e n c e  t i m e  inc reases ,  Cu(I) reac t s  m o r e  comple te ly ,  as 
wou ld  be  e x p e c t e d ,  t h o u g h  t h e  c o n t i n u o u s  m o d e l  s h o w s  
t he  c o n v e r s i o n  re la t ive ly  c o n s t a n t  a f te r  a r e s i d e n c e  t i m e  
of a b o u t  300s in th i s  example .  Final ly ,  Fig. 9 aga in  shows  
t h a t  t h e  c u r r e n t  e f f ic iency of r eac t i on  3 (CE:~,~v,) dec rea se s  
b e c a u s e  of  lower  c o n c e n t r a t i o n s  of  Cu(I) (as CuCI:~ ~-) a t  
t he  c a t h o d e  wh i l e  g rea t e r  a m o u n t s  of  Cu(II)  (as CuCF) dif- 
fuse a n d  mig ra t e  to t he  c a t h o d e  a n d  are  c o n s u m e d  by re- 
ac t ion  [2]. 
F igu re s  4-9 give a good  v i sua l  c o m p a r i s o n  of  t he  one-  
s tep  m o d e l  to t he  c o n t i n u o u s  mode l ,  s h o w i n g  t h e  abi l i ty  
of t he  one- s t ep  m e t h o d  to d u p l i c a t e  t he  gene ra l  t r e n d s  of  
the  c o n t i n u o u s  m o d e l  whi l e  s a v i n g  s u b s t a n t i a l  c o m p u t a -  
t iona l  costs .  S i n c e  t h e  p r e d i c t e d  r eac to r  p e r f o r m a n c e  is 
s imi la r  ( t h o u g h  it  m a y  ac tua l ly  dev ia te  by  up  to 25% for 
la rge  c o n v e r s i o n  pe r  pass),  t h e  one - s t ep  m o d e l  can  be  
u s e d  success fu l ly  to iden t i fy  the  r eg ions  of  i n d e p e n d e n t  
p a r a m e t e r  va lues  t h a t  p r o d u c e  o p t i m a l  p e r f o r m a n c e  
m u c h  m o r e  r ap id ly  t h a n  t he  c o n t i n u o u s  model .  Once  
t h e s e  r eg ions  are ident i f ied ,  t he  c o n t i n u o u s  m o d e l  can  b e  
u s e d  to o b t a i n  t he  des i r ed  a c c u r a c y  of  t h e  p r e d i c t e d  reac- 
to r  p e r f o r m a n c e .  
Conclusions 
This paper shows that for a fixed feed concentration, 
the selection of I/S, L/Va~g, and Eo~H constitute a set of in- 
dependent parameters which can be used to characterize 
the performance of a parallel plate electrochemical reac- 
tor under laminar flow with a small aspect ratio. The use 
of these parameters is demonstrated by predicting cell 
performances by a corrected continuous model and a 
computationally efficient one-step model. 
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A P P E N D I X  
Material Balance Closure Example 
~J,av~ 
Reac t ions  j a '~ Sc,c,:,~ - .~ 
CuCI:~ ~- ~ CuCF 2C1 + e -  1 -0 .933 -0.941 1 
(anode)  
CuCF + 2C1- + e -  ~ CuCl:~ ~- 2 0.230 0.230 1 
(ca thode)  
CuCI:~-'- + e -  -~ Cu + 3C1 3 0.703 0.711 - 1  
(ca thode)  
V a - V c = 0.6V nk  = 120 s teps  
v ~  = 0.036 cm/s  S = 0.1 c m  L = 10 c m  
F = 96,487 C/mol  ill . . . .  g = -8 .72  • 10 -~ A /cm 2 
Ccuc132-,feod = 0 . 5  • 10 -~ mo] /cm 3 
cc~c,z~-,~v~ (x = L) = 0.1472 • 10-3 moYcm 3 
spec ies  i = CuCI:~'-'- 
L e f t - h a n d  s ide  of Eq. [10] 
8i ' j inLavg - -  i l im'avg 2 Si ' iXj 'avg 
j =,  n jF n F  j 
-8 .72  • 10 -3 A /cm 2 = 
(1)(96,487 C/mol) 
= 1.2707 • 10 - 7 -  
[(1)(-0.933) + (1)(0.230) 
+ ( -  1)(0.703)] 
mol  
cm~s 
(by using Eq. [20] to determine inj.avg) 
mol  
= 1.2851 • 10 - 7 -  
C m 2 S  
(by u s i n g  S i m p s o n ' s  ru le  for  i,j .... a c c o r d i n g  to Eq. [19]). 
R i g h t - h a n d  s ide  of Eq, [10] 
let,feed - -  Ci,avg(X = L ) ]  V a v g S  
L, 
tool 
= (0.5 - 0.1472) • 10 -:~ - -  
c m  3 
(0.036 cm]s)(0.1 cm) 
i0 cm 
mol  
= 1.2701 • 10 - 7 -  
cm~s 
Thus ,  t he  two  s ides  of Eq. [10] are e q u a l  w i t h i n  calcula-  
t iona l  a c c u r a c y  i f  Eq. [20] is u s e d  to d e t e r m i n e  i~j.~v~, 
~,~,,,v~ obtained when i,~j,a,.~ calculated by Eq, [20]. 
~%,.v, obtained when inj,~,,g calculated using Simpson's rule on 
Eq. [19]. 
L I S T  OF S Y M B O L S  
c~ c o n c e n t r a t i o n  of spec ies  i, m o l / c m  :~ 
c~o c o n c e n t r a t i o n  of  species  i at  t he  e l ec t rode  surface,  
mol/cm :~ 
c~v~ average concentration of species i at a particular ax- 
ial position, mo]Jcm :~ 
ci,f~d feed concentration of species i, mo]]cm ~ 
ci,,,~f fixed reference concentration of species i, mo]Icm '~ 
CEj,~vgaverage current efficiency for reaction j 
CPP~ fractional conversion per pass of species i 
D~ diffusion coefficient of species i, cm-Ts 
DR diffusion coefficient of limiting reactant, cm2/s 
Eel,, applied cell potential (=Va - Vc), V 
F F a r a d a y ' s  cons t an t ,  96,487 C/tool 
Z~vg ave rage  c u r r e n t  dens i t y  at  an  e l ec t rode  (= Ej i,j,,vg 
for all r e ac t i ons  at  a p a r t i c u l a r  e lec t rode) ,  A / c m  ~ 
h~m,av, ave rage  l imi t ing  c u r r e n t  dens i ty ,  as g iven  in Whi te  
et al. (1), A / c m  ~ 
lnl n o r m a l  c o m p o n e n t  of c u r r e n t  d e n s i t y  due  to r e a c -  
t i o n  j, A /cm 2 
inj(k) t h e  v a l u e  of  i,j on  t he  k th  r eac to r  s e g m e n t  l eng th ,  
AJcm ~ 
z~j,~,,g ave rage  n o r m a l  c u r r e n t  dens i t y  due  to r e a c t i o n  j, 
A /cm ~ 
~o],ref e x c h a n g e  c u r r e n t  d e n s i t y  of r eac t ion  j e v a l u a t e d  at  
r e f e r e n c e  c o n c e n t r a t i o n s ,  AIcm ~ 
k i n t ege r  c o u n t e r  of  axia l  s teps  in  so lu t ion  t e c h n i q u e  
L e l ec t rode  l eng th ,  c m  
L/v~v~residence t i m e  of  t he  reac tor ,  s 
N,  f lux of  spec ies  i in  t he  flow d i r ec t ion  (x direct ion) ,  
mol/cmZ-s 
nj n u m b e r  of  e l ec t rons  p a s s e d  in  r eac t i on  j 
Nn~ n o r m a l  c o m p o n e n t  of t h e  f lux (y d i rec t ion)  of  spe- 
cies i, mol/cm~-s 
nk n u m b e r  of  s teps  t a k e n  a long  t he  e l ec t rode  l e n g t h  in 
so lu t ion  t e c h n i q u e  
p~j a n o d i c  r eac t i on  o rde r  of spec ies  i in  r eac t ion  j, see 
Whi te  et al. (1) 
P e  P e c l e t  n u m b e r  (=2Sv~JDR) 
q~j ca thod ic  r eac t i on  o rde r  of  spec ies  i in  r eac t ion  j, see 
Whi te  et al. (1) 
R gas  law cons t an t ,  8.314 J /mo l -K  
S to ta l  e l ec t rode  gap,  c m  
1/S e q u a l s  su r face  area  of  a n  e l ec t rode  pe r  u n i t  of cell 
v o l u m e ,  E ra - '  
s~j s t o i c h i o m e t r i c  coeff ic ient  of spec ies  i in  r eac t i on  j 
T t e m p e r a t u r e ,  K 
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V~ anode  potential ,  V 
Vavg average  veloci ty  of  the electrode,  cm/s 
V~ ca thode  potential ,  V 
v~ ve loc i ty  c o m p o n e n t  of the e lec t ro lyte  
x-direct ion,  cm/s 
W wid th  of the  electrode,  cm 
x axial  coordinate,  cm 
y radial  coordinate,  cm  
zi charge  n u m b e r  of species i 
in the 
Greek  
aspec t  ratio, S/L 
flij d imens ion less  res idence  t ime  
hx  axial  step size, cm  
d imens ion less  axial  coord ina te  (x/L) 
V dimens ion less  axial  coord ina te  (y/S) 
01 d imens ion less  concent ra t ion  of  species i (C~/C~.ref) 
0~.avg d imens ion less  average concent ra t ion  of species i 
0~.f~ed d imens ion less  feed concen t ra t ion  of species  i 
0i.o d imens ion less  concen t ra t ion  of species i at the  elec- 
t rode  surface 
~,~ .... the  ratio of  average  cur ren t  dens i ty  for react ion j to 
the  average  l imi t ing cur ren t  dens i ty  (inj,avg/ili . . . . .  g) 
~j d imens ion less  fo rmula t ion  of  the  e lec t rode  gap 
4) solut ion potential ,  V 
R E F E R E N C E S  
1. R. E. White, M. Bain, and M. Raible,  This Journal, 13{}, 
1037 (1983). 
2. G. P. Sakel laropoulos ,  AIChE J., 25, 781 (1979). 
3. G. P. Sake l la ropoulos  and G. A. Francis ,  This Journal, 
126, 1928 (1979). 
4. G. P. Sake l la ropoulos  and G. A. Francis ,  J.  Chem. 
Teeh. Biotechnol., 30, 102 (1980). 
5. W. R. Parr i sh  and J. S. Newman ,  This Journal, 117, 43 
(1970). 
6. R. Caban and T. W. Chapman,  ibid., 123, 1036 (1976). 
7. J. Lee  and J.  R. Selman,  ibid., 129. 1670 (1982). 
8. B. Carnahan,  H. A. Luther ,  and J. 0.  Wilkes, '~Applied 
Numer i ca l  Methods ,"  J o h n  Wiley & Sons,  Inc., N e w  
York  (1969). 
9. J. S. Newman ,  "E lec t rochemica l  Sys tems ,"  Prent ice-  
Hall. Inc., En~ lewood  Cliffs. N J  (1973). 
10. R. E. Whitel IncL Eng. Chem. Fundam., 17, 367 (1978). 
11. T. V. Nguyen ,  C. W_ Walton, R. E. White, and J. v a n  
Zee,  This Journal, 133, 81 (1986). 
12. M. Mader  and R. E. White. ibid.. In  Dress. 
13. M. Mader, M.S. Thesis, T~exas )k&h:i University, Col- 
lege Station, TX (1985). 
14. W. R. Parrish and J. Newman, This Journal, 116, 169 
(1969). 
A Mathematical Model for a Parallel Plate Electrochemical 
Reactor, CSTR, and Associated Recirculation System 
T. V. Nguyen,* C. W. Walton,*  and R. E. Wh i te * *  
Department of Chemical Engineering, Texas A&M University, College Station, Texas 77843 
A B S T R A C T  
A mathematical model is presented for a system comprised of a parallel plate electrochemical reactor (PPER) and a 
continuous, stirred-tank reactor (CSTR) under both total and partial recycle. The model is used to predict the time de- 
pendent behavior of the electrowinning of copper from an aqueous, hydrochloric acid solution. The model includes 
many important aspects of a PPER/CSTR system which have been neglected previously. These aspects are the kinetics 
of electrode reactions, the electroneutrality condition, three mass transfer processes for ionic species in the electrolyte 
(diffusion, ionic migration, and convection) and the electrode gap in the PPER, and the inclusion of a true CSTR in the 
recycle stream. 
Paral le l  plate e lec t rochemica l  reactors  have  been  used  
in many  indust r ia l  e l ec t rochemica l  processes:  chlor-alkali  
product ion ,  meta l  ex t rac t ion  and refining, and electro- 
organic  synthesis ,  as wel l  as in bat ter ies  and fuel cells (1, 
2). In  some of these  processes ,  the  sys tem consists  of  a 
parallel  plate e lec t rochemica l  reactor  (PPER),  a cont inu-  
ous, s t i r red-tank reac tor  (CSTR), and an associated recir- 
culat ion system, as shown in Fig. 1 and 2. The C S T R  
plays a ve ry  impor t an t  role in some  e lec t rochemica l  pro- 
cesses in wh ich  the  e lec t rochemica l  reac tor  is used  
mainly  to genera te  the  necessary  reactants  that  p roduce  
the  final p roduc t  th rough  h o m o g e n e o u s  chemica l  reac- 
t ions in the  CSTR.  An example  of such  a process  is the  
e lec t rogenera t ion  of  hypochlor i te  and chlorate  (3-8). 
There  have  been  several  models  deve loped  for a P P E R  in 
total  recycle  wi th  a we l l -mixed  reservoir  in which  the  
P P E R  was t reated as a plug flow reactor  (9, 10) or a p l u g  
flow reactor  wi th  axial  diffusion (11). No mode l  for a 
batch PPER system was found which includes in the 
PPER the effects of the separation of the electrodes, ap- 
plied cell potential, ionic migration, and the kinetics of 
the electrode reactions, and in the well-mixed reservoir, 
the capability of handling chemical reactions. 
Pickett (9, 12) presented simple approximate models in 
which the electrochemical reactor is considered to be an 
ideal plug flow reactor operating at limiting current con- 
~Electrochemical Society Student Member. 
**Electrochemical Society Active Member. 
dit ions for a single reaction.  To obta in  his analyt ical  solu- 
tions, P icke t t  decoup led  the govern ing  equa t ions  for the  
P P E R  f rom those  of the reservoi r  by a s suming  that  the  
res idence  t ime  in the  reservoi r  is large enough  to ignore  
the  t ime  d e p e n d e n c e  of the otitlet concent ra t ion  of the  
reservoir  (which, of  course,  is the  same as the  feed con- 
centra t ion to the  e lec t rochemica l  reactor).  Thus,  his mod-  
els are appl icable  only to a process  wi th  a very  large resi- 
dence  t ime  in the  reservoir .  Mustoe  and Wragg (11) 
p resen ted  an app rox ima te  mode l  s imilar  to those  of  
Picket t ,  but  e x t e n d e d  the  t ranspor t  equa t ion  for the  
z - 0 PPER x -  L / 
CSTR 
Fig. 1. Schematic of a batch PPER/CSTR or reservoir system 
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